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ABSTRACT

This paper introduces the notion of strongly Cesaro summable sequences,
the sequences of uniformly strongly Cesaro summable and the strong
almost convergent sequences of complex uncertain sequences. A study
on the lacunary strong convergence concepts of sequences of complex
uncertain variables of different types have also been done.
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1. Introduction

The notion of uncertainty was introduced by B. Liu in the year 2007 (one
may refer to or ) which is based on an uncertain measure
which satisfies normality, duality, subadditivity and product axioms. It has
been applied to different areas, such as uncertain programming, uncertain risk
analysis, uncertain differential equation, uncertain finance, uncertain optimal
control, uncertain game, uncertain graph etc. For more details of uncertain
theory one may refer to . The concept of uncertain variable defined
on the uncertain space was developed in order to define uncertain sequences.
Complex uncertain sequences are measurable functions from an uncertain space
to the set of complex numbers. Sequence convergence, as a fundamental theory
in mathematics, has drawn the attention of many researcher towards the study
of convergence concepts of uncertain sequences|You| first introduced the
concept of convergence in mean, convergence in measure and convergence in
distribution and derived the relations between them. Some works on sequences
of uncertain variables are also done by [Chen et al.| (2016)), You and Yan| (2017,
[Tripathy and Nath| (2017) and Tripathy and Dowari| (2018).

The initial work on lacunary sequence is found in Freedman et al.| (1978).
They studied strongly Cesaro summable sequences with general lacunary 6
results in a larger class Ny in the BK — spaces(a Banach space of sequences
for which the co-ordinate linear functionals are continuous). Further lacunary
sequences have been investigated by [Tripathy and Mahanta (2004), Tripathy|
land Baruah (2010) and Tripathy et al|(2012). Our main interest here would
be to study the classes with the uncertain sequences in the uncertainty space
and the lacunary convergence concepts of complex uncertain sequences.

2. Preliminaries

Let L be a o—algebra on a nonempty set I'. A set function M is called an
uncertain measure if it satisfies the following axioms:
Axiom 1 (Normality Axiom). M{T'} = 1.
Axiom 2 (Duality Axiom). M{A} + M{A°} =1 for any A € L.
Axiom 3 (Subadditivity Axiom). For every countable sequence of {\;} € L,
we have

M UAj gZM{Aj}.
j=1 j=1
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The triplet (T, L, M) is called an uncertainty space, and each element A in
L is called an event. In order to obtain an uncertain measure of compound
event, a product uncertain measure is defined by [Liuf (2016) as follows:

Axiom 4 (Product Axiom). Let (T, Ly, M) be uncertainty space for k =
1,2,3, ... The product uncertain measure M is an measure satisfying

M{ﬁAk} = R My {Ax}
k=1 k=1

where A are arbitrarily chosen events from Ly for k = 1,2, ..., respectively.

A complex uncertain variable is a measurable function £ from an uncertainty
space (I, L, M) to the set of complex numbers, i.e., for any Borel set B of
complex numbers, the set

{{eB}={yerl: &) € B}

is an event. When the range is the set of real numbers, we call it as an uncertain
variable, introduced and investigated by |Liu (2016). As a complex function
on uncertainty space, complex uncertain variable is mainly used to model a
complex uncertain quantity.

The expected value operator of an uncertain variable was defined by |Liu

(2016) as
“+oo

Blel = | AHSZTMT—/:JWKSTMT

provided that at least one of the two integrals is finite.

The complex uncertainty distribution ®(x) of a complex uncertain variable
¢ is a function from C to [0, 1] defined by

D(c) = M{Re(¢) < Re(c), Im(€) < Im(c)}
for any complex number c.

An uncertain variable is said to be positive, when it maps from R [ J{0} (non-
negative real numbers) to [0,1]. Considering the important role of sequence
convergence in mathematics, some concepts of convergence for complex un-
certain sequences were introduced by |Chen et al.| (2016]). Complex uncertain
sequences are sequence of complex uncertain variables indexed by integers.
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The complex uncertain sequence {&,} is said to be convergent almost surely
(a.s.) to & if there exists an event A with M{A} = 1 such that

Jim |6, (v) = €)1l =0,

for every v € A. In that case we write &, — &, a.s.

The complex uncertain sequence {,} is said to be convergent in measure
to & if for a given ¢ > 0,

lim M{Jlg, — €| > €} =0,

The complex uncertain sequence {£,} is said to be convergent in mean to
&if
lim E[|&, — &[] =0.
n—oo

Let &1, Py, O3, ... be the complex uncertainty distributions of complex un-
certain variables &1, &s,&5..., respectively. We say the complex uncertain se-
quence {&,} converges in distribution to & if

lim @, (c) = ®(c)

n—oo

for all ¢ € C, at which ®(c) is continuous.

The complex uncertain sequence {&,} is said to be convergent uniformly al-
most surely (u.a.s.) to & if there exists a sequence of events {E, }, M{E}} — 0
such that {&,} converges uniformly to € in I — E}, for any fixed k € N.

3. Definition and Results

By a lacunary sequence 6 = (k,.); where ko = 0 we shall mean an increasing
sequence of non-negative integers with k. — k._1 — oo, as n — oo. The
intervals determined by 6 will be denoted by I, = (k,._1,k,] and ¢, = kL

hr =k, —k._1forr=1,23,... o

)

kr.
Sums of the form > |z;| = Y |=i|, will often be written for convenience

i=k,_1+1 i€l,
as Yy |xgl.
I,

94 Malaysian Journal of Mathematical Sciences



Lacunary Convergence of Sequences of Complex Uncertain Variables

Here we define the space |o1]| of strongly Cesaro summable complex uncertain
sequence by

lo1| = {&€ = (&()) :there exists [() such that 1 Z 1€:(v) = L)l = 0,

as n — oo}.

Definition 3.1. Let 6 = (k,.) be a lacunary sequence and () be a sequence of
uncertain variables in the space (I'y L, M),

Ny = {& = (&) : there exists () such that 7. = h SO =) — 0, as
kel,
n— oo}. <

Theorem 3.1. |o1| C Ny, it is necessary and sufficient that liminf ¢, > 1.
T

Proof. For the sufficiency we assume liminf ¢, > 1, then there exists d(y) €

(T, L, M) and M(6(vy)) > 0 such that, 1 + M(d(v)) < g, for all r > 1.
Now, for £(v) € |o1|” we have,

1 ky 1 kr_1
i=1 i=1
. k
kr, 1 b kp—1, 1 =
= ,;(,;T;na(vm G 2 le))
- _ ke o LEM@() o ,
Since hr = k?r — kr—l; we have h < W('Y;Y) and Tl < m, as

M(6()) > 0 and ¢, = kfr .

—1

kr
The terms 7= 3 [|&(7)] an :(7)|| both converges to 0.
Ti=1

Hence 7, converge to 0, that is, &(y) € NJ.
Therefore, |o1| C Np.
For the sufficiency we assume, liminf, ¢, = 1.

Since 6 is lacunary, we can find a subsequence k;.; of 6 satisfying,

i, where Tj Z Tj—1 + 2.
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Define £ = (&(v)) b

_J 1, ifiel, for some j =1,2,..;
&) = { 0, otherwise.

Then for any (),

T I,
and
W ZH& DI =N for 7.

It follows that (& (7)) € Ny.

But, (&;(7)) is strongly summable, since if we consider ¢ is sufficiently large,there
exists a unique j for which k-1 <t < kp,,—1 and write

T hT“
fE 1€:(y H<7”+ b1 lo2
kr, —1 JoJ o J

Now, if t — oo, it follows that j — co. Hence (&;(7)) € |o1]°. O

Theorem 3.2. Ny C |o1|, it is necessary and sufficient that limsup ¢, < oo.
.

Proof. For the sufficiency we consider limsup g, there exists H(vy) € (T, L, M)

and M (H(v)) > 0 such that ¢, < M(H(v)) for all » > 1. Considering (&;(v)) €
N§ and € > 0 we can find R > 0 and K > 0 such that 7, < k for all i = 1,2, ...

Then if ¢ is any integer with k._; <t < k,, where r > R, we can write,
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1< 1 <
2 el < =2 l&ml
i=1 =1

1
=7 <Z 1€ +---+Z|§m>n>
r—1 I 1,
N 1 kg — k’l kR - k'R—l
B krflTl * krfl e * krfl ™
ks — kn ky — ke
7];_1 TR+1+ -+ T 7,
k by — k
< (sup i)+ (sup i) = ——
i>1 r—1 i>R r—1
k
=k g e M(H()

Since k,._1 — 0o as t — oo, it follows that

t
3 ; l€:(7)|| — 0 and consequently &(7) € |o1]°.

For the necessity part we consider limsup ¢, = oo and construct a sequence

I
in Ny that is not strongly Cesaro Summable.

We select a subsequence (k) of 6 so that ¢, > j and then define £ = (£(7))

by
&(y) = 1, ifk.,_, <i< 2k, 1, forsomej=1,2,.;
)= 0, otherwise.
Then
kr, 1 - 1
S -
5, =y, -1

if r = r;, 7 = 0. Thus (€(7)) € NY.

Any sequence in |o1| consisting of only 0’s and 1’s has an strong limit

I(y) € (I, L, M) where the M(l(y)) =1 or M(I(y)) =0.
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For the sequence § = (§;(y)) and i = 1,2,--- , k.

1
B 2 160) =10 2 =~ 2,0

Tj

2k,

k.
2
>1-=
j

which converge to 1 and for i =1,2,--- ,2k,, — 1

1 kr.—1 1
- >_TiTs  _ C
s, =1 €I > 522 =5

Thus, (&i(7)) € |o1]. O

3.1 Almost convergent sequences

Let m denote the linear space of bounded sequences. A sequence x € m is
said to be almost convergent and s is called its generalized limit if each Banach
Limit of x is s. The class F' of almost convergent sequences was introduced
by |Lorentz| (1948), he proved that a sequence & = {x}} is almost convergent if

and only if
lim 7 T 1 T T Tt s
p—00 P

holds uniformly in n.

A convergent sequence is almost convergent with its limit and the general-
ized limit are identical. For example, the sequence, (x,) = (1,0,1,0,...) is not
convergent but it is almost convergent to the limit %
Lorentz| (1948) proved that F' is linear, not-separable. F' is nowhere dense in
m, dense in itself and closed-therefore perfect.

A sequence x = (x;) is strong almost convergent if there exists a number L for

which

1 m—+n
— Z lz; =1 =0 (n— o0),
n

i=m-+1

uniformly in m =0,1,2, ...
Let |AC| denotes the set of strongly almost convergent sequences. The

space |AC| contains all convergent sequences and is regular in the sense that
the unique [ associated with a sequence x € |AC| agrees with lim,, z,, in the
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case where x is convergent. Sequences satisfying the above condition with the
absolute value signs removed are the almost convergent sequences as given by
King (1966)). For more details on almost convergence and certain summabilty
methods one may refer to|Bagar| (1992), Bagar and Kirisci| (2011)), Basar| (2012)),
Yesilkayagil and Bagar| (2015).

Here we define the strong almost convergent sequences in terms of uncertain
variables in the uncertain space (I', L, M).

Definition 3.2. An uncertain sequence & = (&) in the space (I';)L, M) is
said to be strongly almost convergent if there exists a uncertain variable I(v) €
(T, L, M) for which

1 m+n

=3 e =il =0 (= o0),

1=m-+1

uniformly in m =0,1,2, ...
Theorem 3.3. |[AC| C Ny.

Proof. Let (&§()) € |AC| and € > 0,there exists N > 0 and [ such that

m—+n
1
- Z &) —l(V)|l<e for mn>N, m=0,1,2,..

i=m-+1

As 6 is lacunary we can choose R > 0 such that » > R implies h, > N and
consequently 7, < e. Thus (&(y)) € Ny. Thus to obtain a sequence in Ny but
not in |AC| define & = (&;(y)) by

Ei(y) = 1, if for some r, k.1 <i<k._1+Vhy;
V)= 0, otherwise.

Therefore, £ contains arbitrarily long strings of 0’s and 1’s, from which it follows
that £ is not strongly almost convergent.

But, 7. = % IZ €] = h%[\/hr] = \/% which converges to 0 as r — oo. O

4. Lacunary Convergence of Complex
Uncertain Sequences

In this section we define the lacunary convergence concepts of uncertain
sequences and derive the relations between them:
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Definition 4.1. The complex uncertain sequence {{x} is said to be lacunary
strongly convergent almost surely to £ if for every ¢ > 0 there exists an event
A with M{A} =1 such that

. 1
Jim 5= 37 6 = €l =0,
kel
for every v € A.

Definition 4.2. The complex uncertain sequence {£x} is said to be lacunary
strongly convergent in measure to £ if

1
Jim M(yeT: {5 > &) — £} > €) =0,
" kel,
for every e > 0.

Definition 4.3. The complex uncertain sequence {£x} is said to be lacunary
strongly convergent in mean to & if

1
Tim BLC Y ) — €)1 =0,
" kel,
for every e > 0.

Definition 4.4. Let ®q, Py, P3, ... be the complex uncertainty distributions of
complex uncertain variables &1,&2,¢&3, ..., respectively. We say the complex un-
certain sequence {&} lacunary strong convergent in distribution to £ if for every
e >0,

for all complex ¢ at which ®(c) is continuous.

Definition 4.5. The complex uncertain sequence {&,} is said to be conver-
gent uniformly almost surely to £ if there exists an sequence of events {Fy},
M{Ey} — 0 such that {&,} converges uniformly to £ in T’ — Ey, for any fized
k e N.

4.1 Relationships among the Convergence Concepts

Here we discuss the relations among the convergence concepts of complex
uncertain sequences.
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Lacunary strongly convergent in mean and lacunary strongly con-
vergent in measure

Theorem 4.1. If the complex uncertain sequence {&} lacunary strongly con-
vergent in mean to &, then {&} lacunary strongly converges in measure to &.

Proof. 1t follows from the Markov inequality that for any given € > 0, we have
lim M({7- 3> [I6:(7) =€} > €)
r—00 kel,

Bl X lée(m)—EM]
< lim el —0

T r—oo €

as k — oo. Thus {&} lacunary strongly converges in measure to ¢ and the
theorem is thus proved.

O

But the converse of the above theorem need not be true in general i.e. lacu-
nary strong convergence in measure does not imply lacunary strong convergence
in mean. This can be illustrated with the example below.

Consider the uncertainty space (T, L, M) to be {v1,72,...} with power set
and

sup %, if sup% < 0.5;
YiEA Vi EA
M{A}=<¢ 1— sup %, if sup % < 0.5;
vyi EAC i EAC
0.5, otherwise

and the complex uncertain variables be defined by

i, if j =i
a0 ={ ¢ o

otherwise

for i € I, and £ = 0. For £ > 0, we have
lim M({y €T : 5= 3= [[&(y) — €0l > €})
r—00 kel,

= lim M({y€T: 4= 3 (&M > e})
” oo kelr
=limi—=0 (as iel)

The sequence {¢;} lacunary strongly converges in measure to &.
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However for each ¢ € I., we have the uncertainty distribution of uncertain
variable [§; — &l = [|&]| is

0, if x <0;
Pi(z)=q 1-1 if 0<a<y;
1, otherwise.

Els- Z 1€k(v) = E(II]

fo M{¢ > z}dr — f M{¢ < x}dx
fz 1—fdx
1.

That is, the {&;} does not converge in mean to &.

Lemma 4.1. Assume complex uncertain sequence {&,} with real part {(,} and
imaginary part {n,}, respectively, for n = 1,2, .... If uncertain sequences {(,}
and {n,} converge in measure to  and 1, respectively, then complex uncertain
sequence {&,} converge in measure to & = ¢ + in.

Theorem 4.2. Assume complex uncertain sequence {&x} with real part {(x}
and imaginary {ng}, respectively, for n = 1,2, .... If uncertain sequences {(j}
and {nx} lacunary strongly convergent in measure to & and 7, respectively,
then complex uncertain sequence {&} lacunary strongly uniformly convergent
in distribution to £ = ( +in.

Proof. Let ¢ = a+ib be a point at which the complex uncertainty distribution
® is continuous. For any o > a, 5 > b, we have,
{Ck < a, Nk < b} = {Ck < a, Mk < b7C < «, 1) < B}

U{C < a,mk <b,(>a,n > B}

U{¢ <a,me <b,¢ < a,n> B}

U{¢ <a,me <b,¢>a,n< B}

c{¢<an<BrU{lG =<l = a—a}Uflln —nll = 5 —b}.

It follows from the subadditivity axiom that
Dp(c) = Pr(a+ib) < P(a+if) + M{||¢t — ¢|| > o —a}
+ M{|[nk —nll = B — b}

Since {(x} and {n;} lacunary strongly convergent in measure to ¢ and 7 re-
spectively.
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So for € > 0 and k € I, we have,

gggoM{;Z@—c||z<a—a>zs}=o

" kel

. 1
WdT@;Mﬁ;;;WM—MDﬂﬁ—wZ€}:0
e e

Thus we have, limsup Py (c) < ®(a + i8) for any a > a, > b.

r—00

Letting a + i — a + ib, we get,

lim sup @5 (c) < ®(c). (4.1)

=00

On the other hand, for any = < a,y < b we have,

{C<en<yt={G <am <b(<z,n<y}
U{¢ <a,mk <b,¢ <zn <y}
U{G >a,m <b,¢<o,n <yt U{G >a,m >b,¢(<x,n <y}

CH{G < a,me <0y U{lIG — <l = a—a} U{llne —nll = b—y},
which implies
O(x +iy) < Pp(a+ib) + M{||Ge = Cll = a—a} + M{[lnk —nll = b -y}

Since

rli>noloM{h1 Z(”Ck_C”Za—I)Zg}:

" kel

, 1
and TlggoM{h > e =l >b—y)>6}:07

" kel,
we obtain @ (z + iy) < liminf ®y(a + ib)
r—00

for any z < a,y < b.
Taking = + iy — a + ib, we get

®(c) < liminf @y (c). (4.2)

r—00

It follows from (4.1) and (4.2) that ®i(c) — P(c) as r — oo and k € I,.
That is the complex uncertain sequence {£;} is lacunary strongly convergent
in distribution to & = ¢ 4 n. O O
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Converse of the above theorem need not be true in general i.e. lacunary
strongly convergent in distribution does not imply lacunary strongly conver-
gence in measure. Following example illustrates this.

Consider the uncertainty space (I', L, M) to be {71, 72} with M{y} = M{y2} =
%. We define a complex uncertain variable as

_ )L ity =
5(7)‘{ 1 iy = .

We also define {{;} = —¢, for k € I,. Then {} and & have the same distri-
bution and thus {&;} converges in distribution to . However, for any given
e > 0, we have

limM{’y er: & 3 &) — €Ml > 5}

7—00 kel,.

- gmM{wer:{hi S 126 >s}
T o kel,

£0.

Therefore, the sequence {} does not lacunary strongly convergent in measure
to &.

Theorem 4.3. Let &1,&5,&3,... be complex uncertain variables. Then {&} is
lacunary strongly convergent almost surely to £ if and only if for any e > 0, we
have,

M| () U{verz,325k<v>—s<w>||>g} —0.

rel,, ke, " kel

Proof. By the definition of lacunary strongly convergence almost surely, we
have that there exists an event A with M (A) = 1, such that

1
lim o= 37 fle() - €l =0,
" kel,

for every v € A.
Then for any ¢ > 0 there exists m such that 7~ > [|&:(7) — £(7)|| < € where
" kel

k > m, for any v € A, which is equivalent to

iy ﬂ{ver:hlZsm)—mnm} -1

rely, kel, " kel,
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But using the duality axiom it follows that

M N U{'yef = l&() ||>5} =0.

rely, kel, " kel
Hence the result is proved. O

Theorem 4.4. Let &1,82,&3, ... be complex uncertain variables. Then {&} is
lacunary strongly convergent uniformly almost surely to & if and only if for any
€ > 0, we have,

T@;M(U{yer > llg(y) ||>5}>:0.

kel " kel,

Proof. If {&} is lacunary strongly convergent uniformly almost surely to £ then
for any § > 0, there exists an event E such that M{E} < ¢ and {&} converges
uniformly to £ on I' — E. Thus for any € > 0, there exists m > 0 such that
a2 &) =€) < e where k >mand y € I' — E.

keI,

That is,
U{WGF > 1) ||>5}CE
kel T kel,
M(U{WGF > llé(y) |>€}>SM(E)<5
kel, kGI

ThusM<U{ver =3 ) - <>||>e}>=o.

kel kel,.

Conversely if,

M(U{veF LS o) ||>s})

kel " kel

for any € > 0, then for any given § > 0 and k£ > 1, there exists my, such that

M(U{vel“ 3 ln(a) ||_k}><i.

kel " kel,
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Let,

= U {wer LS et - €l = ,1}

kel mp€ly, " kel

Then M(FE) < 4.
Also we have,

?r\r—x

1
w5 3 )~ €I 2
eI,
for any £ € N and &k > my.

Hence the result. O

Theorem 4.5. Let &1,&2,E3, ... be complex uncertain variables. If {&x} is la-
cunary strongly convergent uniformly almost surely to &, then {&x} is lacunary
strongly convergent in measure to €.

Proof. Tt {£;} is lacunary strongly convergent uniformly almost surely to & then

TgrgoM<U{W€F =3 Il |>e}>

kel " kel

from the above theorem.

But, M {VGF:;%T%; €k (7) = €I > €}

<M (Ukelr{'y el ,%k; 16k (v) = €I > 5}> :

Therefore, {&;} is lacunary strongly convergent in measure to &. O

5. Conclusion

This paper introduces different types of lacunary and lacunary strongly
convergent as well as strongly Cesaro sequences of complex uncertain vari-
ables. Establish relations among the introduced notions. The work done can
be further improved and applied for investigations from different aspects.
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